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Starting from the classical Boltzmann distribution, we obtain the ion density distribution in the
limit of either high temperature/low density (Coulomb interaction energy much less than ion
kinetic energy) or low temperature/high density (kinetic energy much less than Coulomb
interaction energy), and the trapping force for an ion cloud in Penning ion cyclotron resonance,
Paul (quadrupole), and combined (Paul trap in a uniform axial static magnetic field) traps. At
equilibrium (total angular momentum conserved), the ion cloud rotates at a constant
frequency in Penning and combined traps. In a Penning trap, the maximum ion density is
proportional to B2/m (B is magnetic field and m is the mass of ions), whereas the maximum
ion density in a Paul trap is proportional to (Vrf
2 /mV2r0
4), with Mathieu equation axial q
value , 0.4 to satisfy the pseudopotential approximation. Ion maximum densities in both
Penning and Paul ion traps depend on the trapping field (magnetic or electric) and ion mass,
but not on ion charge. In a Penning trap at maximum ion density (zero pressure), the radial
(but not the axial) trapping potential is mass dependent, whereas both radial and axial
potentials in a Paul trap at maximum ion density are mass dependent. (J Am Soc Mass
Spectrom 1998, 9, 473–481) © 1998 American Society for Mass Spectrometry
Both Penning [1] and Paul [2] ion traps havedeveloped into versatile high-performance massanalyzers, particularly when combined with elec-
trospray ionization [3–5] and matrix-assisted laser de-
sorption/ionization [6, 7] of biologically important
drugs, metabolites, and macromolecules. Penning and
Paul ion traps are more familiarly known to the analyt-
ical chemistry/biochemistry community as Fourier
transform ion cyclotron resonance (FT-ICR) [1, 4, 6, 8, 9]
and quadrupole ion trap [10–13] mass analyzers. Both
Penning and Paul ion traps offer the advantage of
multistage MSn in a single trap. FT-ICR mass spectrom-
etry can provide ultrahigh mass resolving power and
mass measurement accuracy. The Paul trap offers more
stable ion trapping as well as simpler and more com-
pact mechanical configuration.
In view of the broad interest in both techniques (e.g.,
more than 50 review articles, 3 journal special issues,
and 3 books on FT-ICR over the past 10 years alone [9]), a
detailed understanding of the shape and time evolution of
the ion cloud in each type of trap is clearly warranted,
particularly because the analytical performance (sensitiv-
ity, mass resolving power, mass accuracy, MSn capability,
etc.) of each device depends directly on the number and
distribution of ions in the trap.
The ion density distributions at thermal equilibrium
in a Penning trap [14–16], Paul trap [17–20], and com-
bined trap [16] have previously been derived from the
classical Boltzmann distribution and Poisson’s equa-
tion. The ion density distributions in a Penning trap [14,
16] and Paul trap [21–24] have also been measured
experimentally. We begin by reviewing and comparing
the ion density distributions at thermal equilibrium in
Penning, Paul, and combined traps, in both high tem-
perature/low density and low temperature/high den-
sity limits. Because no one has analyzed the trapping
force for the ion cloud (important for determining ion
trapping efficiency) in Penning, Paul, and combined ion
traps, we then proceed to examine the force due to the
electrostatic potential for an ion cloud in Penning, Paul,
and combined traps, and discuss some implications of
those results.
Ion Density Spatial Distribution at
Thermal Equilibrium in Penning, Paul,
and Combined Traps in the Limits of
High Temperature/Low Ion Density or
Low Temperature/High Ion Density
Trap Potential
We consider first the combined trap [25–30], which is a
Paul trap located in a spatially uniform static axial
magnetic field. From there, we may derive the proper-
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ties of a Penning trap (by setting the rf voltage to zero)
or a Paul trap (by setting the magnetic field to zero). The
electric trapping potential in a combined trap is of the
form
V~r, z! 5 ~Vdc 1 Vrf cos Vt!Sr2 2 2z22r02 1 12D (1)
in which r0
2 5 2z0
2 for a trap with hyperbolic surfaces
(i.e., 2r0 ring electrode minimum diameter and 2z0
separation between the two end caps); or r0
2 5 a2/a
(a 5 2.774) for a cubic trap of edge length a. Vdc and
Vrf (0 to peak) are the static and alternating (at fre-
quency V) voltages applied between the ring (or side
plates, for a cubic trap) and end cap electrodes. In eq 1
the end caps are grounded and a potential, Vdc1Vrf cos
Vt, is applied to the ring electrode only. If V is much
larger than ion motional frequencies in both radial and
axial directions, we may invoke the pseudopotential
approximation [17, 18, 26] [Mathieu equation q value (in
z direction) 4eVrf/mV
2r0
2 , 0.4, in which e is the
elementary charge]. From here on, for multiply charged
ions, e may be replaced by ze, in which z is the number
of charges per ion.
Therefore, ions are confined in the combined trap by
the magnetic field B [in cylindrical coordinates (r, f,
z)]:
B 5 B0zˆ 5 = 3 A, A 5
B0r
2
ıˆf ~c.g.s. units!
(2)
and the electric trapping potential VT(r, z) is given by
VT~r, z! 5
1
e
~krr
2 1 kzz
2! (3a)
kr 5
eVdc
r0
2 1
e2Vrf
2
4mV2r0
4 (3b)
kz 5 2
eVdc
r0
2 1
e2Vrf
2
mV2r0
4 (3c)
in which both B and Vrf are nonzero for the combined
trap; kr and kz are force constants for radial and axial
oscillations in the Paul trap; Vrf 5 0 for the Penning
(ICR) trap; and B 5 0 for the Paul (quadrupole) ion trap
(in the pseudopotential approximation).
Ion Distribution
In a Penning ion trap, collisions between ions and
background gas molecules (at ;1027 torr) as well as
ion–ion Coulomb interactions provide for establish-
ment of thermal equilibrium [15, 16]. In a Paul ion trap,
the ions reach equilibrium faster because of the more
frequent ion–neutral collisions at higher typical back-
ground gas pressure (1026 to 1023 torr). The combined
trap may be operated at low pressure (1028–1029 torr)
[29] or high pressure (1023 torr) [30]; thus, ions in a
combined trap also approach a thermal equilibrium
state. Ions may be confined for more than 100 s. We
therefore assume that the number and total energy of
trapped ions are conserved for ions at equilibrium. The
total angular momentum is also conserved if there are
no external torques. The combination of conserved total
angular momentum and an equilibrium state of the ion
cloud leads to ion cloud rotation at a fixed frequency vf
[16, 31]. That ion cloud rotation frequency will thus
appear in the distribution function, as will ion temper-
ature (due to conservation of total energy of the ions).
From the Boltzmann distribution, one can show that [in
cylindrical coordinates (r, f, z)] [16]
r~r, f, z; Pr, Pf, Pz!
5 expS2 H 2 vfPfkBT D dr df dz dPr dPf dPz
5 f~vr, vf, vz!n~r, f, z! (4)
in which the velocity distribution f(vr, vf, vz) is given
by
f~vr, vf, vz! 5 S m2pkBTD
3/2
3 expH2 m2kBT @vr2 1 ~vf 2 vfr!2 1 vz2#J
(5a)
* f~vr, vf, vz! dvr dvf dvz 5 1 (5b)
in which kB is Boltzmann’s constant; vr, vf, vz are ion’s
velocities in r, f, z directions; and
H 5
1
2m FPr2 1 SPfr 2 eBr2c D
2
1 Pz
2G
1 e@VT~r, z! 1 Vsc~r, z!# (6)
Pr 5 m
dr
dt
5 mvr (7a)
Pf 5 mr
2 df
dt
1
eB
2c
r2 5 mrvf 1
eB
2c
r2 (7b)
Pz 5 m
dz
dt
5 mvz (7c)
in which c is the speed of light. Vsc(r, z) is the potential
due to space charge. Note that the velocity distribution
is Maxwellian in a frame that rotates with frequency vf.
The ion density distribution n(r, z) is given by
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n~r, z! 5 n0 expS2 eF~r, z!kBT D (8a)
* n~r, z!2pr dr dz 5 N (8b)
in which N is the total number of ions and
e F~r, z! 5
m
2
vfvcr
2 2
m
2
vfvfr
2 1 eVT~r, z!
1 eVsc~r, z! (9)
Note that the distribution function, eq 4, may be fac-
tored into spatial (eq 8) and velocity (eq 5) distributions
without the condition (vf 2 vfr)
2 5 0 [16] because we
can transform coordinates from vf to vf 2 vfr and
separate the integrations over dr df dz and dvr dvf dvz.
The ion density distribution is determined by four
potentials: the potential, (m/2)vfvcr
2, which is associ-
ated with the electric field induced by rotation through
a magnetic field (it is this field that provides radial
trapping); the centrifugal potential, 2(m/2)vfvfr
2; the
electric potential, qVT(r, z), from the applied dc and rf
voltages; and the potential, qVsc(r, z), from ion–ion
Coulomb interactions. To obtain the density distribu-
tion, we must solve for the potential self-consistently by
use of Poisson’s equation
¹2Vsc~r, z! 5 24pen~r, z! (10)
subject to the boundary conditions that specify the
value of qF(r, z) on the trap electrode. Combining eqs
9 and 10 yields
¹2F~r, z! 5
1
r
­
­r Sr ­F­r D 1 ­
2F
­2z
5 ¹2Vsc~r, z! 1
2m
e
vf~vc 2 vf! 1
2
e
~2kr 1 kz!
5 24pen~r, z! 1
2m
e
vf~vc 2 vf! 1
2
e
~2kr 1 kz!
(11)
Most generally, one could solve the above equations
numerically. However, it is relatively easy to derive
analytical expressions in the limit of either high or low
temperature. Singly charged ions in both FT-ICR (Pen-
ning trap) mass spectrometry and quadrupole (Paul
trap) mass spectrometry at room temperature corre-
spond to the high temperature/low density limit. How-
ever, highly charged ions (e.g., from electrospray ion-
ization) for FT-ICR mass spectrometry at room
temperature could correspond to the low temperature/
high density limit (see example below). In any case, the
low temperature/high density limit yields the maxi-
mum possible ion density in an ion trap. Therefore, we
limit the present discussion just to the above two
limiting cases.
In order to understand the conditions for high tem-
perature/low density and low temperature/high den-
sity limits, it is usual to define the Debye length lD as
lD 5 S kBT4pne2D
1/2
(12a)
and the radius rb of a spherical ion cloud
rb 5 S 3N4pnD
1/3
(12b)
in which n and q are ion density and charge, and N is
the number of ions. Therefore,
lD
rb
5 SkBTe2 D
1/2S 136pnN2D
1/6
(12c)
The condition [16] for the high temperature/low den-
sity limit is
lD
rb
$ 1 (12d)
and the condition [16, 32] for the low temperature/high
density limit is
lD
rb
,, 1 (12e)
For singly charged ions generated (e.g., by MALDI)
in a Penning trap at 9.4 tesla, with m 5 1000 u, e 5
1.6 3 10219 C, and kBT 5 0.2 eV, n 5 10
6 cm23 (in this
case, maximum ion density is 2.4 3 108 cm23), and N 5
105, one obtains (lD/rb) 5 1.2, which can be consid-
ered to represent the high temperature/low density
limit.
For multiply charged ions generated (e.g., by elec-
trospray) in a Penning trap at 9.4 tesla, with m 5
100,000 u, ze 5 100 e 5 1.6 3 10217 C, and kBT 5 0.03
eV (i.e., near room temperature), n 5 105 cm23 (in this
case, the maximum ion density is 2.4 3 106 cm23), and
N 5 102, one obtains (lD/rb) 5 0.27, which can be
considered to represent the low temperature/high den-
sity limit.
High Temperature/Low Density Limit
In the high temperature/low density limit, we may
neglect space charge effects to give
eVsc~r, z! ,, kBT ,
m
2
vfvcr
2 2
m
2
vfvfr
2
1 eVT~r, z! (14a)
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in which
VT~r, z! 5
1
e
~krr
2 1 kzz
2! (14b)
From eqs 9 and 14a,
e F~r, z! <
m
2
vf~vc 2 vf!r
2 1 krr
2 1 kzz
2
5 kr
mr2 1 kzz
2 (14c)
kr
m 5
m
2
vf~vc 2 vf! 1 kr (14d)
in which kr
m is an effective force constant for radial
trapping. From eqs 8 and 14c,
n~r, z! 5 n0 expS2 eF~r, z!kBT D
5 N
kr
mÎkz
~pkBT!
3/2 expS2 krmr2 1 kzz2kBT D (15a)
* n~r, z!2pr dr dz 5 N (15b)
From eq 15, we obtain the ion spatial distribution in
radial and axial directions.
n~r! 5 N
kr
m
pkBT
expS2 krmr2kBT D ~ions/cm2! (16a)
* n~r!2pr dr 5 N (16b)
n~ z! 5 N
Îkz
~pkBT!
1/2 expS2 kzz2kBTD ~ions/cm!
(16c)
* n~ z! dz 5 N (16d)
For ions in a Penning trap,
kr
m 5
m
2
vf~vc 2 vf! 1
eVdc
2r0
2 (17a)
kz 5 2
eVdc
r0
2 . 0 (17b)
Figure 1 (left) shows the ion density distribution in
both radial and axial directions in the high-temperature
limit for singly charged ions of m 5 2000 u, e 5 1.6 3
10219 C, B 5 7 tesla, Vdc 5 10 V, r0 5 1.8 cm
(corresponding to a 5 3 cm for a cubic Penning trap),
and vf 5 vc/2 (typical FT-ICR mass spectrometry
conditions). Here the radial trapping force constant
kr
m 5 27.7 eV/cm2 is stronger than the axial trapping
force constant kz 5 3.08 eV/cm
2. Thus, the ion cloud
Figure 1. Radial (top) and axial (bottom) ion density spatial distributions at thermal equilibrium in
Penning (left) and Paul (right) traps in the limit of high temperature and low ion density. Note the
broader axial relative to radial distribution for the Penning trap, and converse for the Paul trap.
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has a smaller radial than axial extent, as seen in Figure
1 (left).
For ions in a Paul trap
kr
m 5 kr 5
eVdc
2r0
2 1
e2Vrf
2
4mV2r0
4 (17c)
kz 5 2
eVdc
r0
2 1
e2Vrf
2
mV2r0
4 (17d)
Figure 1 (right) shows the ion density distribution in
both radial and axial directions in high temperature
limit for singly charged ions of m 5 2000 u, e 5 1.6 3
10219 C, Vrf 5 5 kV (0 to peak), V 5 (2p)(0.8 MHz) rad
s21, Vdc 5 0 V, r0 5 1 cm (i.e., typical Paul trap
conditions). In that example, the trapping force constant
kr
m 5 119 eV/cm2 in the radial direction is weaker than
the trapping force constant kz 5 477 eV/cm
2 in the
axial direction. Therefore, the ion cloud will be more
extended radially than axially, as shown in Figure 1
(right). Figure 1 also shows that the ion cloud is more
extended axially than radially in a Penning trap, but is
more extended radially than axially in a Paul trap.
For ions in a combined trap
kr
m 5
m
2
vf~vc 2 vf! 1
eVdc
2r0
2 1
e2Vrf
2
4mV2r0
4 (17e)
kz 5 2
eVdc
r0
2 1
e2Vrf
2
mV2r0
4 (17f)
By choosing Vdc 5 0 V, (m/2)vf(vc 2 vf) 5 (3e
2Vrf
2 )/
(4mV2r0
4), we can make kr
m 5 kz 5 (e
2Vrf
2 )/(mV2r0
4).
Low Temperature/High Density Limit
In the low temperature/high density limit, we may
neglect ion kinetic energy to give
kBT ,, eVsc~r, z! ,
m
2
vfvcr
2 2
m
2
vfvfr
2
1 eVT~r, z! (18)
For kBT ' 0, the condition that n(r, z) be finite requires
that
e F~r, z! 5 kr
mr2 1 kzz
2 1 eVsc~r, z! < 0 (19)
From eqs 11 and 19, we find the ion density in the low
temperature/high density limit [16]:
n~r, z! 5
2kr
m 1 kz
2pe2
(20)
In that limit, the trapping potential is exactly canceled
by the potential arising from space charge.
Penning trap. For Vrf 5 0 (Penning trap), eq 20 yields
n~r, z! 5
mvf~vc 2 vf!
2pe2
5 constant (21)
For vf 5 vc/2, ion density reaches its maximum
n~r, z! 5 nmax 5
B2
8pmc2
~c.g.s. units! (22)
Note that high ion charge produces both a strong space
charge effect and a strong trapping field. Therefore, ion
maximum density in eq 22 does not depend on ion charge.
Ion maximum density is, however, limited by B2. High
ion density thus requires high (and expensive) magnetic
field strength. Figure 2 (left) shows the ion maximum
density in a Penning trap as a function of B for ions of
each of several different masses.
Paul trap. For B 5 0 (Paul trap), eq 20 yields
n~r, z! 5
3Vrf
2
4pmV2r0
4
5
3Vrf
16per0
2
4eVrf
mV2r0
2
5 constant (c.g.s. units) (23)
with Mathieu equation axial q value, (4eVrf)/(mV
2r0
2)
, 0.908, for stable ion motion (for Vdc 5 0). If Vdc is not
zero, the Mathieu equation axial q value, (4eVrf)/
(mV2r0
2), must be further limited (e.g., by a factor of 2)
in the first stability region in order to maintain stable
ion motion. That reduction in axial q value in turn
reduces the maximum ion density in eq 23. Without that
limitation, ion density in eq 23 could be made arbi-
trarily large by choosing a sufficiently small rf fre-
quency V.
Equation 23 shows that, as for the Penning trap, ion
maximum density for the Paul ion trap is also independent of
ion charge. Ion maximum density is limited by (Vrf/V
2).
High ion density requires high voltage (at high frequen-
cy). Figure 2 (right) shows the ion maximum density in
Paul trap as a function of trapping voltage for ions of
each of several different masses.
Combined trap. For B Þ 0, Vrf Þ 0, Vdc Þ 0, eq 20
yields
n~r, z! 5
B2
8pmc2
1
3Vrf
16per0
2
4eVrf
mV2r0
2 5 constant (24)
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From eq 24, the maximum ion density in a combined
trap is the sum of the maximum ion densities in the
corresponding Penning and Paul traps. The maximum
ion density is limited by both magnetic field and rf field.
The main advantage of combined trap is that it can trap
both positive and negative ions simultaneously, even if
they differ significantly in mass [27]. In contrast, a Paul
trap can confine both positive and negative ions effi-
ciently only if their mass difference is small. Compared
to a Paul trap, the combined trap has the advantage of
a wide stability region (desirable for simultaneously
trapping both positive and negative ions). Compared to
a Penning trap, the combined trap exhibits stable mag-
netron motion, so that ions may be confined for many
more collisions (so as to cool ions more completely
and/or provide for lengthier reaction period and more
complex experimental event sequences).
In summary, in the high temperature/low density
limit (i.e., ion–ion Coulomb interaction energy much
less than ion kinetic energy), the ion density distribu-
tion is Gaussian and is determined by the trapping field
and ion temperature. In the low temperature/high
density limit (i.e., ion kinetic energy much less than
ion–ion Coulomb interaction energy), the ion density
distribution determines the maximum possible ion den-
sity in the trap. That maximum ion density distribution
represents a balance between Coulomb forces and the
force from the trapping potential. The maximum ion
density in a Penning trap is proportional to B2/m but
does not depend on the ion charge. Maximum ion
density in a Paul trap is proportional to Vrf
2 /(mV2r0
4),
and also does not depend on the ion charge.
Trapping Force for Ions in Penning, Paul
and Combined Ion Traps
In Penning, Paul, and combined traps, the trapping
force on the ion cloud determines the efficiency of ion
trapping. Therefore, we shall now compare the trapping
forces on the ions in the three traps.
Trapping Force on an Ion Cloud in a
Penning Trap
For ions in a Penning trap
Vrf 5 0, kr 5
eVdc
r0
2 , 0, kz 5 2
2eVdc
r0
2 . 0
(25)
Along the (axial) direction of the magnetic field, the
electrostatic trapping potential is parabolic with a min-
imum at the center of the trap because the axial force
constant, kz . 0. Axial oscillatory motion is therefore
stable, because ions relax (e.g., by ion–neutral colli-
Figure 2. Maximum ion density in Penning (left) and Paul (right) ion traps. Left: maximum ion
density as a function of applied static magnetic field induction, at thermal equilibrium in the limit of
low temperature and high ion density. Note that the ion maximum density is proportional to B2/m
but does not depend on the ion charge. Right: ion maximum density as a function of driving rf voltage,
at thermal equilibrium in a Paul (quadrupole) ion trap, in the limit of low temperature and high ion
density. The Mathieu equation axial q value, (4eVrf)/(mV
2r0
2) 5 0.4 , 0.908 (i.e., stable ion motion)
for singly charged ions of 1000 u for Vrf 5 5 kV, V 5 1.1 MHz, and r0 5 1 cm. Note that the ion
maximum density is related to Vrf, V, and m, but does not depend on the ion charge. Also note the
direct homology between the left and right diagrams: upper mass limit is determined either by B2/m
(left) or Vrf
2 /m for fixed V2 (right).
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sions) to the bottom of that potential well. However, in
the radial direction, the potential is an inverted parab-
ola with a maximum at the center of the trap because the
radial force constant kr , 0. As a result, magnetron
motion (due to kr) is unstable to perturbations such as
collisions with buffer gas and/or and imperfect trap
geometry [33].
The total potential energy now becomes
e F~r, z! 5
m
2
vfvcr
2 2
m
2
vfvfr
2 1 ~krr
2 1 kzz
2!
1 eVsc~r, z! (26)
The rotation frequency vf has the following upper and
lower bounds:
v2 , vf , v1 (27a)
v6 5
vc
2
6 Îvc24 1 2krm (27b)
in which v1 and v2 are single-ion cyclotron and
magnetron frequencies in FT-ICR. vf is determined by
the total angular momentum of the ion cloud [16].
Radial motion. From eq 26, we obtain the radial com-
ponent of the trapping potential energy:
e F~r, 0! 5
m
2
vfvcr
2 2
m
2
vfvfr
2 2
ueVdcu
2r0
2 r
2
1 eVsc~r, z! (28)
The radial force is given by
e
dF~r, 0!
dr
5 mvfvcr 2 mvfvfr 2
ueVdcu
r0
2 r
1 e
dVsc~r, 0!
dr
(29)
The first term on the right-hand side of eq 29 provides
the trapping force for the ion cloud. Figure 3 shows the
trapping radial force in a Penning trap. From eq 27, in
the limit that
vf <
vc
2
~i.e., maximum ion density! (30)
we have the approximate radial trapping force on the
ion cloud
mvfvcr 2 mvfvfr <
1
4
mvc
2r 5
e2B2
4mc2
. 0 (31)
which varies inversely with ion mass.
Axial motion. From eq 26, we find the axial component
of the trapping potential energy:
e F~0, z! 5
ueVdcu
r0
2 z
2 1 eVsc~0, z! (32)
The trapping axial force is given by
e
dF~0, z!
dz
5
2ueVdcu
r0
2 z 1 e
dVsc~0, z!
dz
(33)
Therefore, the trapping axial force, [(2ueVdcu)/r02]z, on
the ion cloud is mass independent.
Trapping Force on an Ion Cloud in a Paul Trap
For ions in a Paul ion trap in the pseudopotential
approximation, we have
B 5 0 (34a)
kr 5
eVdc
2r0
2 1
e2Vrf
2
4mV2r0
4 (34b)
kz 5 2
eVdc
r0
2 1
e2Vrf
2
mV2r0
4 (34c)
in which kr and kz must be greater than zero in order
that ions be confined both radially and axially. The total
potential now becomes
e F~r, z! 5 ~krr
2 1 kzz
2! 1 eVsc~r, z! (35)
For the special case of a spherically symmetric trapping
(pseudo)potential, namely
Vdc 5
eVrf
2
2mV2r0
2 5
qz
8
Vrf (36a)
the radial and axial trapping force constants are equal:
Figure 3. Contributions to the potential for an ion cloud in
FT-ICR mass spectrometry.
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kr 5 kz 5
eVrf
r0
2
qz
8
(36b)
qz 5
4eVrf
mV2r0
2 , 0.4
~to justify the pseudopotential approximation!
(36c)
in which qz is the q value from Mathieu’s equation. In
that limit, the ion cloud is a sphere (because kr 5 kz).
Also, it is clear from eq 36 that the trapping radial and
axial forces each vary inversely with ion mass.
Trapping Force on an Ion Cloud in a
Combined Trap
For ions in combined trap in the pseudopotential ap-
proximation,
B Þ 0, Vrf Þ 0, Vdc Þ 0 (37a)
kr 5
eVdc
2r0
2 1
e2Vrf
2
4mV2r0
4 (37b)
kz 5 2
eVdc
r0
2 1
e2Vrf
2
mV2r0
4 (37c)
in which kz must be greater than zero in order that ions
be confined axially. kr can be made greater than zero by
appropriate choice of Vdc, Vrf, and V. Note that if kr .
0, then the magnetron motion becomes stable! The total
potential energy now becomes
e F~r, z! 5
m
2
vfvcr
2 2
m
2
vfvfr
2 1 ~krr
2 1 kzz
2!
1 eVsc~r, z! (38)
Radial motion. From eq 38, in the limit that
vf <
vc
2
~i.e., maximum ion density! (39)
we have the approximate trapping radial force on the
ion cloud
mvfvcr 2 mvfvfr 1 krr
2
<
e2B2
4mc2
r 1
e2Vrf
2
2mV2r0
4 r . 0 ~for kr 5 kz! (40)
and the radial force varies inversely with ion mass.
Axial motion. From eq 38, we obtain the axial compo-
nent of potential energy
e F~r, z! 5 kzz
2 1 eVsc~r, z! (41a)
Again for the special case of a spherically symmetric
trapping pseudopotential,
kz 5 kr 5
eVrf
r0
2
qz
8
(41b)
in which
qz 5
4eVrf
mV2r0
2 , 0.908
~to satisfy the pseudopotential approximation!
(41c)
is the q value from Mathieu’s equation. From eq 41, the
trapping axial force varies inversely with ion mass.
Trapping Force on an Ion Cloud in an rf Ion
Guide in a Magnetic Field
rf ion guides (quadrupole, hexapole, octupole, etc.) are
very efficient methods for transferring ions from an
external ion source (e.g., electrospray or MALDI) into a
Penning trap [3, 34–36]. For ions outside the magnetic
field, the trapping radial force is similar to that for a
Paul (quadrupole) ion trap: namely, the radial force
varies inversely with ion mass. Once in the magnetic
field, however, the trapping radial force is similar to
that for a combined trap, which also exhibits mass
discrimination if vf ' vc/2 (i.e., maximum trapping
radial force). Because the axial potential is dc only, the
trapping axial force in a linear rf/dc ion guide trap or in
a Penning trap is mass independent. Note that instead
of using a single unbroken rf ion guide, one could cut
the rf ion guide into a few collinear axial segments and
thereby make a linear rf/dc ion trap to cool ions before
injecting them into a Penning trap [37].
Summary and Conclusions
From the classical Boltzmann distribution, we obtain
the ion density distribution and the trapping potential
for an ion cloud in Penning, Paul, and combined ion
traps. The ion cloud rotates at constant frequency in a
Penning trap, and in a combined trap for ions at
equilibrium when the total angular momentum is con-
served.
For an ion density distribution at thermal equilib-
rium, the resulting ion density distribution depends on
the relative magnitudes of the ion kinetic and potential
energies. In the high temperature/low density limit,
ion–ion Coulomb interaction energy is negligible com-
pared to ion kinetic energy. The ion density distribution
depends on the applied potentials and ion average
kinetic energy (ion temperature). Conversely, in the low
temperature/high density limit, ion kinetic energy is
much less than the ion–ion Coulomb interaction energy.
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The ion distribution is determined by the Coulomb
interaction between ions and potential energy from
trapping fields. The ion distribution in the low temper-
ature/high density limit determines the maximum pos-
sible ion density in the trap. This maximum ion density
distribution represents a balance between Coulomb
interactions and trapping potential. In a Penning trap,
this ion maximum density is proportional to B2/m, and
a strong magnetic field is needed to trap a large number
of ions. In a Paul trap, the ion maximum density is
proportional to (3Vrf
2 )/(4pmV2r0
4) [with Mathieu equa-
tion q value, qz 5 (4eVrf)/(mV
2r0
2) , 0.4 to satisfy the
pseudopotential approximation], and a high rf voltage
(at high frequency) is needed to confine a large number
of ions. Interestingly, ion maximum density in either a
Penning or Paul ion trap depends only on the trapping
field magnitude and ion mass, but does not depend on
ion charge. Finally, comparison of Figure 2 (left) and
Figure 2 (right) reveals the deep underlying homology
between Penning and Paul traps: ion maximum density
in both cases is the same for corresponding magnetic
and rf electric potential values (e.g., ion maximum
density of ;107 ions/cm23 for ions of 100,000 u at either
B ' 20 tesla or Vrf ' 5 kV).
The trapping radial force acting on a maximum-
density ion cloud in a Penning trap varies inversely
with ion mass, whereas the trapping axial force is
independent of ion mass. The axial and radial trapping
forces acting on an ion cloud in a Paul ion trap vary
inversely with ion mass. Therefore, the ion trapping
efficiency for Penning and Paul traps is different for
ions of different mass, even if they have the same
energy distribution.
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